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Abstract. Let G be group; a finite p-subgroup S of G is a Sylow p-subgroup if every finite 
p-subgroup of G is conjugate to a subgroup of S. In this paper, we examine the relations 
between the fusion system over S which is given by conjugation in G and a certain chamber 
system C, on which G acts chamber transitively with chamber stabilizer Nq(S). 

Next, we introduce the notion of a fusion system with a parabolic family and we show that 
a chamber system can be associated to such a fusion system. We determine some conditions 
the chamber system has to fulfill in order to assure the saturation of the underlying fusion 
system. We give an application to fusion systems with parabolic families of classical type. 

1. Introduction 

In the present paper we elaborate on the connections between fusion systems, chamber sys- 
tems and parabolic systems. 

A fusion system J 7 is a category whose objects are the subgroups of a finite p-group S; the 
morphisms are monomorphisms between these subgroups, such that all monomorphisms in- 
duced by conjugation in S are included. The saturated fusion systems satisfy extra conditions 
which model properties of the fusion in a finite group related to the Sylow p-subgroups. The 
first thorough study of fusion systems and saturated fusion systems is due to Puig; see the 
more recent [Pui 06], for example. Applications to algebraic topology came from the intro- 
duction of the notion of p-local finite groups, having centric linking systems, by Broto, Levi 
and Oliver |BLO 04|. The name saturated fusion system is also due to Broto, Levi and Oliver. 

Chamber systems were introduced by Tits [Tit81j in the study of local properties of buildings. 
All chamber systems used in this paper can be considered as simplicial complexes, with the 
chambers being simplices of maximal dimension. The codimension one faces are assigned 
types labeled by elements in an index set J, and correspond to the panels of the chamber 
system. Each chamber has |J| faces; two chambers are i- adjacent if they have a face of type 
i in common. 

Let G be a chamber transitive group of automorphisms of a chamber system, and let B denote 
the stabilizer of a chamber and the Gi, i G / denote its panel stabilizers. If the chamber system 
is a building, then B is the Borel subgroup of G and Gi are the minimal parabolic subgroups. 
The family (B,Gi ;i £ I) forms a parabolic system of rank |/| if G = (Gi ;i G i) and no 
proper subset {Gj ;j G J ^ /} generates G. 
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We now describe the approach and the results contained in this paper. Let A be a diagram 
of finite groups (B,Gi,Gij]i,j G 7) together with injective group homomorphisms B Gi 
and Gi e — >■ G^, for all i,j G 7, such that all squares commute. Assume that G is a faithful 
completion of A. Our first result Theorem 14.111 asserts that, under certain assumptions, the 
group G has a finite Sylow p-subgroup S and the fusion system Ts(G) associated to G is 
saturated. This theorem is in some sense a generalization of a result due to Broto, Levi and 
Oliver |BLO06t Theorem 4.2] regarding the fusion system associated to the colimit of a finite 
tree of finite groups. Although our proof is written in terms of chamber systems, the line of 
thought closely follows the one given in |BLO 06j. 

We introduce the notion of a parabolic family for a fusion system T over a finite p-group S. 
Roughly speaking it consists of a collection of saturated constrained fusion subsystems {J^, i G 
7} which all contain B, the normalizer fusion subsystem Nj?(S), and with the additional 
property that each subsystem J 7 ^- = (J^, J 7 ,) is also saturated and constrained. We construct 
a certain group G, determined by p'-reduced p-constrained finite groups that realize the 
constrained fusion systems £>, Ti and J 7 ^-. A chamber system C over 7 can be associated 
to J 7 and G. Our second main result is Theorem 15.81 which states that under a couple of 
assumptions, T is the saturated fusion system of G over S. For example, we assume that C p , 
the fixed point set under the action of a p-subgroup P of G, is connected. 

The third achievement of the paper is Theorem 16.101 This is a reduction result which says 
that a fusion system J 7 with a parabolic family contains a certain normal fusion subsystem 
denoted J 7 , which also has a parabolic family. If the hypotheses from Theorem 15.81 hold in 
J 7 , then this fusion system is saturated and realized by a normal subgroup of G. Also, there 
is a 2-covering C — > C between the associated chamber systems. 

Assume now that the subsystems Ti and Tj are realized by suitably chosen p'-reduced p- 
constrained extensions of finite groups of Lie type Gi and Gij in characteristic p, of rank one 
and two respectively. In this case, a type (or diagram) M can be associated to J 7 . This is 
a graph whose vertices are labeled by the elements of 7, the restriction to the nodes i and j 
is the Coxeter diagram corresponding to Gij. Proposition 17.51 generalizes to fusion systems 
a well known result of Timmesfeld |Tim85t 3.1]. Specifically, if the type M is classical, J 7 is 
the fusion system of a group of Lie type extended by diagram and field automorphisms. 



Outline of the paper. We start with a review of some basic results on fusion systems. In 
Section 3, we recall the standard terminology on chamber systems and parabolic systems. 
In Section 4 we prove Theorem 14.111 while in Section 5 we prove Theorem 15.81 Section 6 is 
dedicated to the proof of Theorem 16.101 We finish our paper with an application to chamber 
systems of type M and their generalization to fusion systems. 
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2. Recollections on fusion systems 

For an introduction to fusion systems see |BLO03| and |Lin07] . We review here the basic 
definitions and a few results needed in the paper. 

Background and terminology. Given two groups P and Q, let Hom(P, Q) denote the set 
of group homomorphisms from P to Q and let Inj(P, Q) denote the subset of monomorphisms. 

If P and Q are subgroups of a group G, then c g : P — > Q denotes the map x i— > gxg~ l 
induced by conjugation by g G G. We write 9 P = gPg~ l and P 9 = g~ l Pg. The transporter 
set of P into Q is N G (P,Q) = {g G G\ 9 P < Q}. Also let Hom G (P,Q) = N G (P, Q)/C G {P) 
denote the set of group homomorphisms from P into Q induced by conjugation in G. Set 
Aut G (P) = N G (P)/C G (P) and Out G (P) = Aut G (P)/Inn(P). 

Definition 2.1. A fusion system J 7 over a finite p-group S is a category whose objects are the 
subgroups of S and whose morphism sets HomjF(P, Q) satisfy the following two conditions: 

(i) . Hom s (P,Q) C Hom^(P,Q) C Inj(P,Q); 

(ii) . Every J 7 - morphism factors as an J 7 - isomorphism followed by an inclusion. 

Definition 2.2. Let J 7 be a fusion system over a finite p-group S. A subgroup P of S is 

(i) . fully J 7 -centralized if \C S (P)\ > \C s (<f(P))\, for all <p G Rom T (P, S); 

(ii) . fully J 7 -normalized if \N S (P)\ > \N s (ip(P))\, for all if G Hom^(P,S); 

(iii) . T -centric if C s {ip{P)) = Z{ip{P)) for all if G Horn^P, S); 

(iv) . T-radicalii Inn(P) = O p (Aut^(P)); 

(v) . J 1 -essential if Q is ^-centric and Outjr(P) has a strongly p-embeddedS subgroup. 

2.3. For P < S and if G Horn^P, S) define: N v = {x G N S (P) | foc^f- 1 G Aut 5 (^(P))} . 
It is always the case that PC S (P) < N v < N S (P). 

Definition 2.4. |BLO06] The fusion system J 7 over a finite p-group S is saturated if the 
following two conditions hold. 
(I). For all P < S which are fully J 7 - normalized, P is fully J 7 -centralized and Auts(P) is a 

Sylow p-subgroup of Autj-(P). 
(II). If P < S and if G Homj-(P, S) are such that <f(P) is fully J 7 -centralized, then there is 

a morphism (p G Homj-(iV v ,, 5) such that £>|p = if. 

2.5. Let J-i, i = 1,2 be fusion systems over subgroups Si of a p-group 5. We say T\ is a 
fusion subsystem of J" 2 and write J 7 ! C F 2 if Si < S 2 and Homj-^P, Q) C Honijr 2 (P, Q) for 
all subgroups P and Q of 5. 

2.6. Let £ and J 7 be fusion systems over S with £ C J 7 . We say that £ zs normal in T and 
write £ <j J 7 , if for every isomorphism if : P — > P' in J 7 and subgroups Q,Q' oi P we have 

^| Q /oHom^(g,Q / )°v 2 ^ 1 (Q) ^ Hom f (^(Q),yj(Q'))- 

"'"A proper subgroup M of Out r{P) is strongly p-embedded if M contains a Sylow p-subgroup Q of Out .f(P) 
such that Q ^ 1 and n Q = {1} for every ip e Out^(P) \ M. 
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2.7. Assume that S is a finite p- group and for each i — 1, . . . n we are given subgroups Si < S 
and fusion systems Ti over Si. Define J 77 = (J-i ; i G /} to be the fusion system generated 
by {Fi ;i G /}, which is the smallest fusion system over S containing each member of the 
given collection. The fusion system generated by two saturated fusion systems need not be 
saturated. 

Definition 2.8. Let J 7 be a fusion system over a finite p-group S and let P be a subgroup 
of S. The normalizer of P in J 77 is the fusion system Njr(P) on N$(P) having as morphisms 
all group homomorphisms p : Q — >■ R, for Q,R subgroups of N$(P), for which there exists 
a morphism p : PQ — > PR in J 77 satisfying p(P) = P and p\q = p. If J 77 = Njr(P) then 
we say that P is normal in J 7 and we write P <j J 77 . In a saturated fusion system J 77 , if P 
is fully J-"-normalized then Njr(P) is a saturated fusion system on Ns(P); for a proof of this 
statement see |Lin07t Theorem 3.2] for example. 

Notation 2.9. Let O p (J r ) denote the largest normal p-subgroup in J 77 . It is a standard result 
that O p (J 7 ) is contained in every ^-centric ^-radical subgroup of S. 

2.10. Alperin's fusion theorem and its refinement Alperin-Goldschmidt theorem hold for sat- 
urated fusion systems. The latter is the statement that every morphism in J 7 is a composite of 
restrictions of automorphisms of S, and of automorphisms of fully J-'-normalized J-'-essential 
subgroups of S; see [Sta06l Theorem 2.8] for a proof. Note that an ^-essential subgroup has 
to be a proper subgroup of S because Outjr(S) = Autjr(S)/Auts(S) is a p'-group. 

Fusion systems realized by finite groups. It is known, due to the work of Leary and 
Stancu |LS07] and Robinson |Rob07] that every fusion system on a finite p-group S is equal 
to the fusion system associated to a group G with Sylow p-subgroup S. In what follows we 
discuss the relationship between fusion systems and their associated groups. 

2.11. We say that a group G has a (finite) Sylow p-subgroup S, if S is a finite p-subgroup of 
G and if every finite p-subgroup of G is conjugate to a subgroup of S. To a group G with 
Sylow p-subgroup S we can associate a category J^siG) whose objects are the subgroups of 
S and whose morphisms are Homjr(P, Q) = Hohig(P, Q) whenever P and Q are subgroups 
of S. 

2.12. Notice that in general if G has a Sylow p-subgroup, it does not follow that a subgroup 
H of G also has a Sylow p-subgroup, even if H is normal in G. However, every subgroup H 
of G contains a maximal normal p-subgroup, which we shall denote O p (H). 

Definition 2.13. A fusion system J 77 is realized by a group G (not necessarily finite) if G 
contains S as a Sylow p-subgroup and J 77 = J-'siG). 

2.14. The classical examples of saturated fusion systems are the ones coming from finite 
groups. If G is a finite group and S is a Sylow p-subgroup of G, then J-'siG) is a saturated fu- 
sion system. A subgroup P < S is fully J-s(G)-centralized if and only if Cs(P) G Syl p (Cg(P)), 
while P is fully J r 5(G)-normalized if and only if Ns(P) G Sy\ p (Nc(P)). For proofs see 
|BLO03t Proposition 1.3]. Further, a subgroup P < S is .F-centric if and only if P is p- 
centric in G, and P is J-"-radical if and only if O p (Ng{P) / PCg{P)) = 1- 
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There are examples of fusion systems that cannot be realized by a finite group, they are called 
exotic. On the other side, there are examples where one can always construct a finite group 
with p-local structure equivalent to the given fusion system. This is the case for constrained 
fusion systems. The fusion system P is said to be constrained if O p (P) is ^-centric. We first 
mention a useful property of the saturated constrained fusion systems. 

Proposition 2.15. Let P be a saturated fusion system over a p-group S , and let P be a fully 
J 1 -normalized subgroup of S. If Nj?(P) is constrained then O p (Njr(P)) is P -centric. 

Proof. Let P be a fully ^-normalized subgroup of S. Set Q = O p (Njr(P)) and let <p G 
Homjr(Q, S). As P is fully .F-normalized, there exists an J r -morphism : Ns(<p(P)) — 
Ns(P); see |Lin07l Lemma 2.6]. Then <poip maps P to P and maps Q into N$(P), since ip(Q) < 
N s (<p(P)). But Q = O p (Njr(P)) and 0oy? fixes Q. Since C 3 ((p(Q)) < N s (<p(P)), we get 
(f)(C s (ip(Q))) < C S {Q). As N T {P) is constrained, Q is centric in N r {P), so <f>{C s ((p(Q))) < Q. 
Then C s {<p(Q)) < r\Q) = <p(Q). □ 

Any constrained fusion system was proven to come from a finite group by Broto, Castellana, 
Grodal, Levi and Oliver. 

Theorem 2.16. [BCG + 05l Theorem 4.3] Let P be a saturated constrained fusion system 
on a finite p-group S and set Q = O p (P). Then there exists a unique up to isomorphism, 
finite group G having S as a Sylow p-subgroup and such that Q <j G, Cg{Q) = Z(Q) and 
jr = p s (G). Furthermore G/Z(Q) ~ Aut^(Q). 

A stronger uniqueness property was shown in [Asc08l 2.5]. It asserts that if G\ and G2, two 
p'-reduced p-constrained finite groups, realize a saturated constrained fusion system P, then 
there is an isomorphism ip : G\ — > G2 with (pi$ = Ids- 

A result from elementary group theory which will be useful later. 

Lemma 2.17. Suppose G is p' -reduced p-constrained finite group and let S be a Sylow p- 
subgroup of G. If H is an overgroup of S in G then H is p' -reduced p-constrained. 

Proof. The Lemma is a direct consequence of the fact that a group G is p'-reduced p- 
constrained if and only if Cg(O p (G)) < O p (G). □ 

In our construction, we will also use the following result due to Aschbacher. 

Proposition 2.18. |Ascl 1.1] Let P be a saturated constrained fusion system on a finite p- 
group S and let G be a finite group that realizes P. Assume that £ is a saturated constrained 
subsystem of P on S. Then there exists an overgroup H of S in G with £ = Pg{H). 

3. Chamber Systems 

Chamber systems were introduced by Tits [Tit81j : the present treatment follows Scharlau 
|Sch95l Sections 1, 6] and Ronan |Ron89t Chapters 1, 4]. A comprehensive treatment of the 
theory of coverings of chamber systems can be found in [R0118OJ. 
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Basic notions. A chamber system over a set J is a nonempty set C (whose elements are 
called chambers) together with a family of equivalence relations (~j; i G /) on C indexed by /. 
The equivalence classes with respect to ~j are called i-panels. Two distinct chambers c and 
d are called i- adjacent if they are contained in the same i-panel; we write c~j d. A gallery 
of length n connecting two chambers c and c n is a sequence 7 : c , . . . , c n of n + 1 chambers 
such that q_i and q are ^-adjacent with ij G J, for all 1 < j < n. The sequence (zi, . . . ,i n ) 
is called the type of the gallery 7. If each ij belongs to some subset J of /, then 7 is called a 
J- gallery. 

The chamber system C is connected (or J-connected) if any two chambers can be joined by 
a gallery (or J-gallery). The J-connected components of C are called J -residues. Every J- 
residue is a connected chamber system over the set J. The cardinality of the set I is the 
rank of the chamber system. The i-panels are rank 1 residues while the chambers are rank 
residues. 

3.1. We shall assume from now on that all chamber systems under consideration are connected 
and of finite rank. 

A morphism ip : C — )■ T> between two chamber systems over J is a map defined on the chambers 
that preserves i-adjacency, i.e. if c, d G C and c ~j d then ip(c) ~j ip(d) in T>. We denote by 
Aut(C) the group of all automorphisms of C, where the term automorphism has the obvious 
meaning. If G is a group of automorphisms of C then C/G inherits a natural structure from 
C, and there is a chamber system C/G over I. 

Coverings of chamber systems. A type preserving morphism of chamber systems ip : 
C — > C is called an m- covering if it is surjective and if it maps each rank m residue of C 
isomorphically onto a rank m residue of C. Most of the properties discussed below can be 
formulated for m-coverings; however we shall restrict ourselves to the case when m = 2, which 
has greater relevance to the study of buildings as it transpares from |Tit81j . 

An elementary 2-homotopy of galleries is an alteration from a gallery of the form juS to a 
gallery 'ju'S where u and u' are galleries (with the same extremities) in a rank 2 residue. Two 
galleries are 2-homotopic if one can be transformed into the other by a sequence of elementary 
homotopies. The 2-homotopy relation is an equivalence relation on the set of galleries. 

If c is a chamber in a connected chamber system C, a closed gallery based at c will mean a 
gallery starting and ending at c. The fundamental group 7r 2 (C,c) is the set of 2-homotopy 
classes [7] of closed galleries 7 based at c, together with the binary operation [7] • [7'] = [77'] 
where 77' means 7 followed by 7'; using 7 _1 to denote the reversal of 7, one has [7] _1 = [7 -1 ]- 
We call C simply 2-connected if it is connected and 7r 2 (C, c) = 1. If b is another chamber in C, 
5 is a gallery from c to b and 7 is a closed gallery based at c, the correspondence [7] [<5 -1 7<5] 
gives an isomorphism from tt 2 (C,c) to 7T 2 (C,b). Given a morphism <p : (C,c) — > (T>,d) with 
ip(c) = d there is an induced map y?* : n 2 (C, c) — > tc 2 (V, d) via [7] — > [^(7)], which is a group 
homomorphism, and if ip is a 2-covering then ip* is injective; see [Ron89l Exercise 1, Chp. 4]. 

To put it briefly, 2-coverings of chamber systems have similar properties to the topological 
covers, with the appropriate adjustments on homotopy and simple connectivity; for details 
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see [Ron80j and |Ron891 4.2]. In particular we mention a few useful results, which are known 
from the covering theory of topological spaces. 

Lemma 3.2. [Ron89l Lemma 4.4] Let (p : C — >■ C be a 2-covering. Given a gallery 7 in C 
starting at some chamber c, and given a chamber c G </?~ 1 (c) ; there is a unique gallery 7 in C 
starting at c with 95(7) = 7. 

Proposition 3.3. [R0118O, Theorem 4.8] Let ip : (C, c) — > (C, c) be a 2-covering and let 
f : (T>,d) — > (C,c) be a morphism of chamber systems. The group f ^{tt 2 {T> , d)) is a subgroup 
of ip^(n 2 (C,c)) if and only if there is a unique chamber systems morphism f : (T>,d) — > (C,c) 
such that ifof = f . 

Since the results of Proposition 13.31 will be used several times in the remainder of the section, 
we provide a proof. 

Proof. If a morphism / : (V, d) — > (C, c) exists then for any [7] G vr 2 (D, d) we have 

uh\) = Mum = [(wo( 7 )] = wm = ^[m\ e ^ 2 &c)) 

and clearly f*(ir 2 (V,d)) < ^,(vr 2 (C, £)). 

Conversely, we may assume that f*(Tr 2 (V,d)) < (p*(ir 2 (C,c)). 

Step 1: we construct a map / : (V, d) — > (C, c) with (fof = f . 

Let d' be a chamber in V, distinct from d. Let 71 and 72 be two galleries from d to d! in 
V. By Lemma I3T21 the galleries /(71) and ^(72) from c = f(d) to f(d') have unique lifts to 
galleries 71 and 72 in C starting at c, where (p(ji) = /(7i) for i = 1,2. Next consider the 
closed gallery 7172^ based at d. Then /(7172" 1 ) is a closed gallery in C based at f(d) = c, 
whose 2-homotopy class lies in ^(tt^C, c)) according to our assumption. Hence /(7172" 1 ) lifts 
uniquely to a closed gallery based at c, and therefore 71 and 72 have the same endchamber, 
say c'. Define f{d') = c' . The preceding argument shows that / : T> — > C is well-defined. 

Step 2: we show that / is a morphism of chamber systems. 

Assume that d and d' are i- adjacent in T>. Then f(d) and f(d') are i- adjacent and since (p 
is isomorphic on rank-1 residues it follows that = f(d) and <^~ 1 (/((i / )) = f(d') are 

i-adjacent, thus / is indeed a chamber systems morphism. 

Step 3: we prove that the morphism / is unique. 

Assume that fx and /2 are two chamber systems morphisms, constructed as in Step 1. Let d' 
be a chamber in V that is i-adjacent to d. Then fi(d') ~j fi(d) = f2(d) ~« fi{d') in C, but 
f(d) and f(d') are i-adjacent in C and since ip is an isomorphism on rank 1 residues it follows 
that fi(d') = f2(d'). Since V is connected (recall I3TT]) the result follows. □ 

We record the following direct consequence of Proposition 13.31 

Corollary 3.4. |Sch95[ Proposition 6.1.7] Let f be an automorphism of the chamber system 
C and let ip : (C, c) — > (C,c) be a 2-covering. Given c' G (/^(/(c)) there exists a unique 
automorphism g of C satisfying g(c) = c' with <p>og = foip if and only if (foip)*(7r 2 (C,c)) = 
y?*(vr 2 (C,c')). 
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Notation 3.5. We let Aut(<£>) denote the group of deck transformation of the 2-covering (p : 
(C, c) —> (C, c); thus the automorphism g : C — > C is an element of Aut((^) if (^og = ip. 

The following result characterizes 2-coverings of C which correspond to normal subgroups of 
the fundamental group tt 2 (C,c); such 2-coverings are called normal in topology. 

Proposition 3.6. Let ip : (C, c) — > (C, c) be a 2-covering. 

(i) . p^(tt 2 (C } c)) <j 7r 2 (C,c) i/ and only if for each chamber c' G tp~ l {c) there is a deck 

transformation g G Aut(<^) with the property g(c) = & . 

(ii) . Aut(p) ~N w 2 {C!c) (p^7r 2 (C,c)))/p*(Tr 2 (C,c)). 

(iii) . C ~ C/Aut((p) if and only if p*(rr 2 (C, c)) < vr 2 (C,c). 

Proo/. (i). Set N(H) = A^2( C c )(</>*(7r 2 (C, c))) with if = tp*(-K 2 (C, c)). Observe that changing 
the base point c G v 9 ~ 1 ( c ) to c' G p>~ l {c) corresponds to conjugating H by an element 
[7] G vr 2 (C, c), where 7 is a closed gallery based at c that lifts to a gallery 7 from c to c'. Thus 
[7] is in N(H) if and only if p*(ir 2 (C, c)) = p*(tc 2 (C, c')), which by Corollary I3.4I is equivalent 
to the existence of a (unique) deck transformation g G Aut(t^) with g(c) = & . 

(ii) . Define the morphism $ : N(H) — > Aut(p) given by $([7]) = g where [7] is sent to the 
deck transformation g which takes c to c' (7 is as in part (i), which means that the unique 
lift 7 of 7 at c is a gallery from c to c'). There exists a unique such deck transformation 
g by Proposition I3.3I and Corollary I3.4I Observe that $ is a group homomorphism, for if 
7' is another closed gallery based at c, with $([7']) = g' and such that g'(c) = c" then 77' 
lifts to 7(7(7') a gallery from c to g(c") = g(g'(c)), given that 7' is the unique lift of 7' at c. 
Hence gog' is the deck transformation corresponding to [7] ■ [7']. For g G Aut(p), let 7 be the 
gallery from c to & — g(c). (Note here that C is assumed to be connected, see I3.ip . Then for 
7 = ^(7), [7] lies in the preimage of g. So $ is surjective. The kernel of $ consists of those 
2-homotopy classes [7] which lift to closed galleries in C, that is the elements of H. 

(iii) . Since p^(tt 2 (C, c)) < 7r 2 (C,c), it follows by part (i) of this Proposition, that the group 
of deck transformations Aut(p) acts chamber transitively on C. □ 

3.7. Let ip : (C, c) — > (C, c) be a 2-covering of chamber systems. A lift of / G Aut(C) 
corresponding to is a morphism / G Aut(C) with 990/ = fop. 

Definition 3.8. A 2-covering ip : (C, c) — > (C, c) is called universal if whenever t/> : (C, c') — >• 
(C, c) is a 2-covering, there exists some 2-covering a : (C, c) — >■ (C, c') such that ip° a — V 9 - It- 
was shown by Tits [T it81 j. 5.1] that universal 2-coverings of chamber systems always exist; 
they are unique up to isomorphism. A 2-covering (p : (C, c) — > (C, c) is universal if and only 
if C is simply 2-connected; see |Ron89t Proposition 4.6]. 

In the special case when C is simply 2-connected, an application of Proposition 13.61 and 
Corollary 13.41 gives the following, cf. |Sch95j Proposition 6.1.8]. 

Proposition 3.9. Let ip : (C, c) — > (C, c) be a universal 2-covering. 

(i). Aut(y>) ~ vr 2 (C,c) and C ~ C/Aut(<p). 



SATURATED FUSION SYSTEMS WITH PARABOLIC FAMILIES 



9 



(ii). For any subgroup G < Aut(C) the set of liftings: 

G := {g G Aut(C) : (pog = go(p for some g E G} 



is a subgroup of Aut(C) ; and the map G — >■ G, g i-> g 7 is a surjective group homomor- 
phism with kernel Aut(^). For any chamber c E C, the stabilizer Stabg(c) is mapped 
isomorphically onto Stabc ((p(c)). 

Parabolic systems and chamber systems. Next, we shall discuss the relation between 
chamber systems and chamber transitive groups of automorphisms. 

3.10. Let G be a group and let I be a finite index set of cardinality n. Let B, Gi, i G / be a 
collection of subgroups of G satisfying the following properties: 



The family 7(G) = (B, Gi ; i G /) is called a parabolic system of rank n in G. 

3.11. To 7(G) we can associate a chamber system C(7(G)) as follows. The left cosets of B 
in G correspond to the chambers. Two chambers gB and hB are i-adjacent if gGi = hGi 
where g,h G G and i & I, whence h~ l g G Gi. Since G = (Gi ;i G /) the chamber system 
C is connected. The group G acts on C via left multiplication, an element x G G takes a 
chamber gB into a chamber xgB; if gB ~j hB is an z-panel, then gGi = hGi, which implies 
xgGi = xhGi and therefore xgB ~j xhB. The action of G on C is chamber transitive; it is also 
faithful because of (Pa)- Henceforth the group G will be identified with the automorphisms 
of C induced by G. 

Notation 3.12. Set Gj = (Gj ;j G J) for all nonempty subsets JCJ, with the convention 
that G(& := B. In particular Gi = G, Gi = G{i} and we write Gij for G{ij}. It is a consequence 
of (P2) that Gj is the stabilizer in G of the J-residue which contains the chamber B. 

3.13. Given 7(G) = (B,d ;i G I) and ?(G') = (B',G'i ;i G I), two parabolic systems of 
rank n over the same set of types; a group homomorphism (p : G — > G' is called a 2-morphism 
of parabolic systems, if </?(-£>) = B', tp(Gi) = G\ and f(Gij) = G\a for all i,j G / with i 7^ j. 
In particular ip(G) = G', thus is surjective. 

Lemma 3.14. Let tp : 7(G) — > 7(G') be a 2-morphism of parabolic systems with the property 
that the restriction of ip to Gij is a group isomorphism for every distinct i,j G /. Then there 
is an induced 2-covering tp* : C(7(G)) — > C(7(G')) between the associated chamber systems. 
Furthermore Au%*) n G = Ker(^) and C(7(G')) ~ C(7(G)) /Ker(<p) . 

Proof. For gB a chamber in C(7(G)), define (p*(gB) = (p(g)B', and for an i-panel gGi set 
(p*(gGi) = (p(g)G' i . It is straightforward to check that ip* is a morphism of chamber systems. 
Since ip is surjective it follows that </?* is also surjective, and a 2-covering of chamber systems. 
Clearly Ker(ip) < Aut (</?*) fl C7, so it remains to show the opposite inclusion. Let h G 
Autf^*) fl G. Then, according to 13.51 ip(h)ip(g)B' = (p(g)B', for every g G G. It follows 



(Pi) 
(P2) 
(Ps) 
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that <p(h) G xB'x^ 1 with x G G' . Thus <p(/i) G r\ x ^G'^B'x 1 = 1 by (Pa), and therefore 
Kertp = Aut fl G. Observe that, for all h G G, (p*(gB) = (p*(hB) if and only if 
g~ 1 h G ip^ 1 (B') = Ker(ip)B. Hence the orbits of Ker(<y?) in C(CP(G)) are just the fibres of 
and C(T(G')) ~ C(CP(G))/Ker(<^). □ 

Colimits and covers. 

3.15. Let / be a finite index set. A diagram of (finite) groups is a pair A = (S, T) which 
consists of a collection of finite groups S = {B,Gi,Gij ; i,j G I,i ^ j} and a family of 
injective group homomorphisms T = {t b 1 : B — > Gi, r G !J : Gi —> Gy ; i,j £ J} such 
that Tq^ot^ = T G /'oT B i , for all z,j G J. A completion of A is a pair (G, $) where G is a 

group endowed with a family $ of group homomorphisms : B — > G, (pi : Gi — > G and 
(pij : Gjj — > G which commute with the morphisms in T. The colimit (G, <3>) of A (also known 
as the universal completion of ^4) has the property that if (G', $') is another completion, 
there is exactly one group homomorphism / : G — > G' such that fo<p = <p', fofa = cj)^ and 
focfiij = (fiij, for all i, j G /. The group G always exists (although it might be the trivial 
group) and can be regarded as a group whose set of generating symbols is the disjoint union 
of elements of Gi and with relations given by the disjoint union of those relations holding in 
Gij that involve only generators from Gi and Gj. Thus G is the largest group realizing the 
diagram of groups, any other completion of A is a quotient of G. A completion for which 
the morphisms in $ are injective is called faithful. The pair A = (S, T) admits a faithful 
completion if and only if its universal completion is faithful. 

3.16. If 7(G) = (B,Gi ; i G /) is a parabolic system in G there is a corresponding diagram 
of groups CP = {B,Gi,Gij ; i,j G I,i ^ j} with G^ := (Gi,Gj). Let G be the universal 
completion of CP. For every i G /, the subgroup Gi of G lifts to a subgroup Gi of G, and 
similarly B lifts to B, thus CP(G) = (B, Gi ; i G /) is a parabolic system in G. 

Theorem 3.17. [Sch95l Proposition 6.5.2] The chamber system C(CP(G)) is the universal 2- 
covering of the chamber system C(CP(G)). In particular, the natural homomorphism G — > G 
is an isomorphism if and only if C (7(G)) is simply 1-connected. 

Proof. Set C = C(T(G)) and C = C(CP(G)). Let / : C ->• C be the 2-covering defined as 
in Lemma 13.141 Let ip : C — > C be the universal 2-covering of C, which exists by [Tit 811 
5.1]. According to Proposition 13.91 the group G < Aut(C) lifts through ip to a subgroup 
G of Aut(C). The action of G on C is chamber transitive; this is a direct consequence of 
Proposition I3.9( ii) and of Corollary 13.41 (or Proposition 13. 6( i)). Let c be a chamber of C with 
ip(c) = c, where c is the chamber corresponding to B in CP(G). Let CP(G) = (B, Gi ; i G /) be 
the parabolic system defined by c in G, where B = Stabg(c) and Gj are the stabilizers in G 
of the i-panels containing c. Another application of Proposition 13.91 gives a chamber system 
isomorphism C ~ C/Aut(ip) and a group isomorphism Aut(^) — vr 2 (C,c). 

The canonical projection ip : G — )■ G induces a 2-morphism of parabolic systems CP(G) — >• 
CP(G). Moreover, ip is an isomorphism when restricted to B,Gi,Gij with i,j G /; see also 
|Ron89t Exercise 8, Chp. 4]. We can identify the subgroups B, Gi and G^ of CP(G) with their 
counterparts in CP(G) and we can regard CP(G) as a family of subgroups of G. As G is the 
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universal completion of the family T, there is a unique surjective homomorphism ( : G — > G 
inducing the identity isomorphism on each of the subgroups B,Gi,Gij with i,j€Ll,i=£ j. 
This group homomorphism induces a 2-covering : C — > C, and since C is a universal 
2-covering, it follows that C and C are isomorphic. □ 

4. Complexes of groups and saturated fusion systems 

In this section, we consider discrete groups that contain finite Sylow p-subgroups. In particu- 
lar, we investigate the case when G is obtained as a completion of a diagram of finite groups 
and using the properties of an associated chamber system we identify conditions under which 
the fusion system FsiG) is saturated. 

Hypothesis 4.1. Let A = (9, T) be a diagram of groups with 9 = {B, Gi, Gij ; j}, 
a collection of finite groups, T = {t# : B -)■ G h t£ j : d G id ; i,j G /}, a family 
of inclusion maps, and / a finite index set. Let G denote a completion of A, as defined in 
13.151 We shall assume that this completion is faithful, so B,Gi,Gij, with i,j G / can be 
regarded as subgroups of G. To 9 and G we associate a chamber system C in the standard 
way. The chambers of C are the left cosets of B in G, two chambers gB and hB are i- adjacent 
if gGi = hGi. The group G acts chamber transitively, by left multiplication on C. Further, 
we assume that C p is connected for every finite p-subgroup of G. Since the empty set is 
disconnected, it follows that C p ^ 0. 

4.2. For any pair of groups H, G let Rep(H, G) := Inn(G) \Inj(iJ, G) and let [a] G Rep(H, G) 
denote the class of a G Inj(if, G). 

4.3. If if is a finite group, we denote by Rep(if, C) the chamber system whose chambers are 
the elements of Rep(if, B). The i-panels are simply represented by the elements of 

Rep^^Gy := {[ 7 ] G Rep(#,Gy : 7 e Inj(#,Gy with 7 (#) < £}. 

Two chambers [a] and are i-adjacent if [t^'ooj] = [t b *o/3] in Rep(if, Gi) which means 
that T^oa = CgoT^ofi for some element g G G{. In particular, the i-panel [ 7 ] contains the 
chamber [a] if [r^'oa] = [ 7 ] in Rep(H, Gi). Observe that Aut(H) acts on Rep(if, C) via 
ip • [a] — [aoip' 1 ], and if H < G, then Ng(H) acts on Rep(H, C) via g ■ [a] = [«oc s -i]. 

The next result is Lemma 4.1 from |BLO06] written in terms of chamber systems. We shall 
use the customary notation n (X) from topology to denote the set of connected components 
of a space X. 



Lemma 4.4. Let G and C be as in \4-l\ with P a p-subgroup of B. The following hold. 



(a) . There is an NG{P)-equivariant isomorphism of chamber systems between C p /Cg{P) 

and Rep(P, C) , the connected component of Rep(P,C) which contains [rp], where Tp 
denotes the inclusion map of P into B. 

(b) . The natural map $p : 7r (Rep(P, C)) —> Rep(P,B,G) is a bijection. In particular, [a] 

lies in the connected component of [rp] if and only if a G Hom G (P, B). 
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Proof. Note that if K < G and gK G (G/K) p then P < gKg-\ Hence the class [c g -i] in 
Rep(P, if) of Cg-i : P — >■ K given by x t— > g~ x xg, depends on the coset gK only. Define the 
following map 

f P :C p ^Rep(P,C) 
given by fp(gB) = [c g -i] where [c s -i] G Rep(P, P) and g E G. 
Step 1: /p is a morphism of chamber systems. 

We have to show that if gB and hB are i-adjacent chambers in C p , then fp(gB) = [c g -i] 
and fp(hB) = [c^-i] are i-adjacent in Rep(P, C). Since h~ x g G G, t it follows that = pg~ x 
for some p G Gj and that gGig" 1 = hGih~ l . Hence r^oc^-i = oc p oc g -\ which says that 
[cfc-i] = [cp-i] in Rep(P, P, Gj) and therefore fp(gB) and fp(hB) are i-adjacent in Rep(P, C). 

SYep Im(/p) is Rep(P, C)q, the connected component of [rp 5 ] in Rep (P,C). 
Let [a] G Rep(P, P) be i-adjacent to some chamber [c g -i] G lm(fp). Then there exists h e Gi 
such that a = c^-ioc^-i = c^m-i and so [a] G Im(/p). This shows that an i-panel lies in 
Im(/p) if one of its chambers lies in Im(/p) and therefore Im(/p) is a union of connected 
components of Rep(P, C). But since C p is assumed to be connected, we obtain that Im(/p) 
is connected and hence a connected component of Rep(P, C). 

Step 3: fp is an A r c(P)-equivariant map. 

The group Ng(P) acts on Rep(P, C) via g • [a] — [acoc g -i] and it is easy to see that this action 
preserves i-adjacency. Since G acts on C, Nq{P) acts on the chamber subsystem C p fixed by 
the action of P. If n G Ng{P) and gB is a chamber in C p then 

f P (n(gB)) = f P (ngB) = [c (ng) -i] = [c g -ioc n -i] = n ■ [c g -i] = n ■ f P (gB) 

Hence the chamber systems morphism fp is A^c(P)-equivariant. It also follows that fp is 
CG-(P)-equivariant and there is an induced chamber systems morphism between the quotients 
C P /C G (P) — > Rep(P,C)/C G (P). But C G (P)-acts trivially on Rep(P,C) by definition and 
therefore there is a morphism C p /Cg{P) — > Rep(P, C). 

Step 4'- fp induces an isomorphism of chamber systems C p /Cg{P) — Im(/p). 
Two chambers gB and hB of C p have the same image fp(gB) = fpihB) if and only if 
[cg-i] = [ch-i] in Rep(P, B). Then c^-i = c y -ioc g -i with y G P and h~ x = (gy)~ 1 z~ 1 where 
z G Cg(P)- Thus h = zgy which shows that h G Cg(P)5'P and therefore gB and hB are in 
the same Cc(P)-orbit of C. 

Part (a) of the Lemma follows from Steps 1-4- It remains to show that the map $p is 
bijective. Surjectivity is clear. Let a, /3 G Inj(P, P) be such that $p([a]) = $p([/3]). Then 
fioa~ x = c g for some g G G. So [/3oa; _1 ] G Im(/ a (p)) and thus by Step 2, [5oa _1 ] lies in the 
same connected component as [t5 p J in Rep(a(P), C). Therefore [a] and [f3] are in the same 
connected component in Rep(P, C). It follows that $p is injective. □ 

Lemma 4.5. Let G and C be as in \4-l\ If S is a Sylow p-subgroup of B then S is a Sylow 
p-subgroup of G. 

Proof. Let P be a finite p-subgroup of G. Since C p is nonempty and G is chamber transitive, 
there is an element g G G such that gB G C p . Hence P < gBg^ 1 and since gSg^ 1 G 
Syl p (gPg _1 ) this shows that P is G-conjugate to a subgroup of S. □ 
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Remark 4.6. Henceforth it makes sense to consider the fusion system J-${G) over S realized 
by G, as defined in 12.131 



Lemma 4.7. Let G and C be as in \4-l\ Assume that S is a Sylow p-subgroup of B and 
set J- = Ts{G). Then every morphism in J 7 is the composite of morphisms (pi, . . . ,(p n with 
(fi G Fs{G j% ) for some j { G I. 

Proof. Let <p = c g G Honi^P, Q) for P,Q < S and g G G. Then P, 9 P < S < B and 
thus P fixes the chambers B and g~ x B in C. So since C p is connected, there is a gallery 7 
in C p from B to g~ 1 B. Recall that two chambers xB and yB are i-adjacent if and only if 
x = ygi for some g { G Gi. Hence we can write 7 = (g B, g giB, g Q g x ■ ■ ■ g n B) with g = 1, 
9o9i " " ' 9n = 9 1 and ^ G Gj i for some ji G I. Set g^ :— g ■ • ■ gi. As P stabilizes the gallery 
7, P^ < B. Since S G Syl p (P) we can choose bi £ B such that P 9ibi < S for every 1 < i < n. 
As P 90 = P < S and P^ = F" 1 < 5 we may take b = 1 = b n . Set ^ := ft^A e G ii for 
z = 1, . . . n. Then: 

h 1 ---h i = (5(161) ■ (b^ 1 g 2 b 2 ) ■ ■ ■ (b^gA) = g t ■ ■ ■ gfci = gA 

Hence P hl '" hi < S for all % < n, and g _1 = g n = /ii . . . h n . Thus c g factors as c g = 
c h -io . . . ac h -i with c h -i : p^i-^-i — s. phi-ht a m orphism in jFsiGj^. This completes the 
proof. □ 



Lemma 4.8. Lei G and C be as in \4-l\ Let S be a Sylow p-subgroup of B. Set T = J-s(G). 



Assume that every subgroup P of S that is essential in J^siGi), for i <E I, is J 1 -centric. 
Then every morphism in J 1 is a composite of restrictions of morphisms between T -centric 
subgroups. 

Proof. The J 7 - morphism if = c g G Homjr(P, Q) is a composite of morphisms (pi, . . . ,<p n with 
<Pi G J^s^GjJ, for ji G /; see Lemma I4T71 Each group Gj i is finite, S is a Sylow p-subgroup 
of Gj i and therefore the fusion systems Ti = J^s^GjJ are all saturated. By an application 
of Alperin-Goldschmidt theorem for fusion systems, see 12.101 we obtain that each tpi can 
be written as a composite of restrictions of automorphisms of S and of automorphisms of 
fully ^(GjJ-normalized J-^GjJ-essential subgroups of S. But S itself is ^-centric while 
J-^GjJ-essential subgroups are ^-centric for all ji G /, by assumption. Therefore the Lemma 
is proved. □ 



Proposition 4.9. Let G and C be as in \4-l\ Assume that S is a Sylow p-subgroup of B 



and set T = J-~s(G). Let P be any subgroup of S that is J- '-centric and fully T -normalized. 
Suppose that: 

(i) . the group Autc(P) acts chamber transitively on C p /Cg{P); 

(ii) . given any p-subgroup R of Aut G (P), the chamber subsystem of C p /Cq{P) fixed by the 

action of R is connected. 

Then Auts(P) is a Sylow p-subgroup 0/ Autj-(P). 

Proof. Let P be a ^-centric fully ^-normalized subgroup of S. The group Autc(P) acts 
on C p /Cg{P) and according to Steps 3 and 4 from the proof of Lemma 14.41 it also acts on 
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Rep(P, C)q. Given <p G Autc(P), observe that <p ■ [rp] = [r|oi/; _1 ] = [rp] if and only if 
Tpoip = CboTp for some b G B. Hence (p = Cb \p and the stabilizer of the chamber [rp] is 
Autp(P). As P is fully ^-normalized, it is fully J-p(S')-normalized and Auts(P) is a Sylow 
p-subgroup of Autjr s (p)(P) = Autp(P). To obtain the conclusion, apply the argument from 
the proof of Lemma [4.51 with C p / Cg{P) in place of C and with Autc(P) in place of G. □ 

Proposition 4.10. Let G and C be as in \4-l\ Assume that S is a Sylow p-subgroup of B 
and set T = J 7 s{G). Let P be a T '-centric subgroup of S. Assume that if R is a p-subgroup 
of Aut(j(P) then the chamber subsystem fixed by the action of R on C p /Cg{P) is connected. 
Then for any ip G HoHip(P, S) there is a morphism Tp G Homj^iV^, S) with the property that 

V\p = 



Proof. The proof of the present Proposition will be achieved in two steps. We start with 
some necessary notation. Let (p G Homjr(P, S) where P is J-"-centric and let be as in 12.31 
Set K = AutA^(P) = N ip /Z(P) and observe that since P < N v , the subgroup N v is also 
.P-centric. Consider the map 

T : Rep(A^,C) ^Rep(P,C) 

induced by the restriction — > P, between the connected components of the inclusion maps 
rjy and Tp. The map is well-defined by Lemma [4.4( b). Let Rep(P, C)q denote the chamber 
subsystem of Rep(P, C) fixed by K. 

Step 1: Im(r) = Rep(P,C)^. 

Let [ip] G Rep(A (/P ,C)o and let h G N v and consider the following commutative diagram 



-)■ B 



'■h 



P 



N v 

T P 



■)• N ir . 



c i>(h) 



-» B 



from which we see that c^h) = ip\p°Choip\ p . Thus the T-image of [ip] lies in Rep(P, C)q. 

We will show that given any chamber [a] in Rep(P, C)q and any z-panel [f3] in Rep(A^,C)o 
with the property that \fi\p] is a panel of [a], the chamber [a] lies in Im(r). This will finish the 
proof of this Step since (C p /Cg(P)) k which is isomorphic as a chamber system to Rep(P, C)jf , 
by Lemma I4.4[ is assumed to be connected. 

Denote K' = aKa' 1 < Aut(P') with P' = a(P). Set N' = {a G N B (P') \ c a G K'} 
and observe that Aut ni(P') < K' . We shall prove that Autjv'(P') = K' '. Since [a] is fixed 
by K, for any h G N v , [aoCh] = [a] in Rep(P, B), thus there is an element b G B such 
that Cfe = aoChoa^ 1 : P' — > P', using that Ch G K. Therefore K' < Autp(P') and in fact 
K' < Autj Vj3 (P')(P / )- Let f £ K' so there exists a G N B (P') with / = c . This implies a G N' 
and c a G Aut^r^P') and therefore K' < Autjv'(P')- Next we note that X' = Aut^P'), where 
Q G SyL(iV') which is true since K' is a p-group. 
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Recall that /3 : N v — > Gi, and since [a] lies in the i-panel \P\p], it follows that f3\p = c g oa, for 
some g G G{. Given any z G Q, the morphism c g oc z oc g -i : f3(P) —> f3(P) corresponds to con- 
jugation by an element in gQg~ l . It follows from the definition of K' that for any z G Q there 
is an element y G N v such that c z = aoc y oa~ x . Therefore c g oc z oc g ~i = c g oaoc y oa~ l oc g -i = 
PoCyofi" 1 = c m with p(y) G p(N v ) and it follows that gQg- 1 < (3{N V ) ■ C G .(/3(P)) := H. 

Observe that if P is J-"-centric then P is J-s(Gj)-centric and therefore P is p-centric in Gi. 
Therefore (3{P) is p-centric in Gi. We claim that both gQg -1 and P(N V ) are Sylow p- 
subgroups of H. Notice that Z(/3(P)) = P{Z{P)) G Syl p (C Gi (/3(P))) so the unique Sylow 
p-subgroup of C Gi {fl(P)) is already in f3(N v ). Next note that K = Aut^(P) = N ip /Z{P) ~ 
K' = Aut Q (P') = Q/Z(P') so \Q\ = \Ny\ = \f3(N v )\. The claim is proved; gQg- 1 and 0(N V ) 
are Sylow p-subgroups of H. 

It follows that there is an element h G C Gi (/3(P)) with the property that h(gQg- l )h l = 
/3(N,p) so Q = C(hg\-i{P{N v )). Set a = c^-io/J : N v — > Q with hg G Gj. Finally observe that 
®\p — C(hg)- lo P\p — c g -io(3\p = a since h centralizes (3(P). Thus [a] = [(3} in Rep(A^ ¥ ,, P, Gi) 
showing that [a] is in the image of the restriction map. 

Step 2: Given (p G Homjr(P, S) with P is J-"-centric, then there is a morphism G Hom^A^, S) 
with = ip. 

Consider the chamber [ip] which lies in Rep(P, C)q since the automorphisms in K are induced 
by elements of N v . By Step 1 there is a morphism if) : N v — > P with [0] G Rep(A^ ¥ ,,C)o and 
V? = c g -ioipip for some g E B. We will use the properties of the saturated fusion system 
J~s{B) and the fact that c g -i is a morphism in this fusion system. We may assume that 
■0(-^v>) — ^' ^ ^ ms * s no ^ ^ ne case choose an element h G B with hip{N, p )h- 1 < S and replace 
■0 by ip' = Choip. This is possible since [ip] = [ip'] in Rep(N v , B). 

Next we prove that ip(N<p) < N^-i = N c ^ with g G P. Let z G ip^N^) so z = ip(y) 
for y G iV<p and consider tp>oip~~ X oc z <Apoip'~ 1 = ipoCyoip^ 1 G Auts(<£>(P)) since y G iV^. Hence 

^ G ^V^jqWj — 1 . 

Thus ipoip' 1 = c g -i extends to a map x '■ V^A^) — >• 5" in J~s(B) and therefore Tp :— x°i> '■ N v — > 
S is such that x^iv) = f(y) f° r an V ^ P- This ends the proof of the second saturation 
condition for P S (G). □ 

After assembling these results we obtain the following generalization to chamber systems of 
|BLO06t Theorem 4.2]. Broto, Levi and Oliver considered in their construction the case when 
C was a finite tree of finite groups. 



Theorem 4.11. Let G and C be as in \4-l\ Assume that S is a Sylow p-subgroup of B and 



set T = Ps(G). Suppose the following hold. 

(a) . If P is a subgroup of S that is T '-centric and fully J 7 -normalized then Autc(P) acts 

chamber transitively on C p /Cq{P)- 

(b) . If P is a subgroup of S that is J- '-centric and if R is a p-subgroup of Autc(P) then 

(C p I Cg(P)) R is connected. 

(c) . If P < S is an essential p-subgroup of Fs{Gi), fori G I, then P is T-centric. 

Then T is a saturated fusion system over S . 
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Proof. Our proof is a compilation of the last two Propositions and three Lemmas. After we 
obtain that S is a Sylow p-subgroup of G, see Lemma 14.51 we show that every morphism in 
J 77 can be written as a composition of restrictions of morphisms between J-"-centric subgroups, 
see Lemmas 14.71 and 14.81 According to a result of |BCG + 05l Theorem 2.2], it then suffices 
to verify the two saturation axioms in 12.41 for the collection of J-'-centric subgroups only. 
The first saturation condition is proved in Proposition 14. 9[ while the second one is proved in 
Proposition 14.101 □ 



5. Parabolic families for fusion systems 



In this section we discuss fusion systems J 7 which contain families of subsystems {J 7 , ;i £ 1} 
with certain properties, denoted below (Fl - F4). To such a fusion system we associate a 
discrete group G and a chamber system C, on which the group acts. We give some sufficient 
conditions C has to fulfill in order to ensure saturation of J 7 . 

Definition 5.1. Let J 7 be a fusion system over a finite p-group S and set B = Nj?(S). We say 
that J 7 has a family of parabolic subsystems if J 7 contains a collection {J 7 ;; % G J} of saturated, 
constrained fusion subsystems, each of essential rank ond^ with the following properties: 
(Fl). B is a proper subsystem of T{ for all i £ J; 

(F2). J 7 = (J 7 ;; i G I) and no proper subset {J-f,j G Jc /} generates J 7 ; 

(F3). Ti fl J-j = B for any pair of distinct elements Ti and J-}; 

(F4). Tij := (J-i,J-j) is saturated constrained subsystem of T for all i,j G I. 

Proposition 5.2. Let J 77 be a fusion system over a finite p-group S. If J 77 contains a family 
of parabolic subsystems then there are p' -reduced p-constrained finite groups B , Gi } that 
realize B,J-i,J-ij respectively (for i,j G I), and injective group homomorphisms ipi : B — > Gi, 
ipij '■ Gi — > Gij such that A = {(B, Gi, GV,), (V>i, hj G /} is a diagram of groups. 

Proof. First notice that B is a saturated, constrained fusion system. Next, recall that, ac- 
cording to |BCG+05l Theorem 4.3], (also see jAKOlll Theorem 1.4.9]), for every saturated 



constrained fusion system over a finite p-group S, there exists a p'-reduced p-constrained 
finite group, unique up to isomorphism, which realizes the fusion system. Thus we can find 
such finite groups B,Gi,Gij,i,j G / with the property that B = J-'s(B), Ti = FsiGi) and 
T{j = J-s(Gij). Set Ui = O p (J-i) and let L/y = O p (J 7 jj) for all i, j G /. 

The fusion system B is also realized by iV G .(S) and by Nq^JS), see |Lib08l Proposition 3.8]. 
Then Lemma 12.171 gives that the groups Ng^S) and iV^ . (S 1 ) are p'-reduced p-constrained. 
Thus [AKQ111 Theorem 1.4.9(b)] tells us that there exist isomorphisms B ~ Ng^S) ~ 
N GiJ (S) which are the identity on the Sylow p-subgroup S. Set Bi = iV G .(S) and By = 
N G ..(S). Denote these isomorphisms by ojj : B — >■ Bi and by : Bi — > B^ with a^g = Ids — 
(Xij\s- Let Tj : Bi — > Gi be the inclusion map, and set ipi = TjoCKj. 

Let qij : iV G -» Autjr denote the canonical quotient map. We use the argument in 
the proof of |Ascl 1.1] to construct a subgroup of G^ that is isomorphic to Gi. Observe that 
Autjr.(C/j) C Autjr.^. (Ui) and introduce the notation G^ = q^ 1 (Aut ^(Ui))- Since T% C J 7 ^-, 



2 This means that there is one J-i-conjugacy class of J^-essential subgroups. 
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the group G^' is an overgroup of S in Gj,- with the property that T\ = Ts{G^'). Let 



tih 



T i '■ -» Gij be the inclusion map. The group G\ J> is p'-reduced p-constrained as follows 
from Lemma 12.171 Using |Asc97[ 21.7], we construct isomorphisms tpf : G{ — > Gf . 

We need the bottom two rows of the following diagram: 



V) 



-> Z{U k 



G 



1 > Z(Ui) > N G jUi) Aut^.(^) > 1 



->• G 



(?) 



-> Autjr.(C/i) 



-)> 1 



-> 1 



1 ► Z(£/i) >• G t ► Aut^(^) ► 1 

where the vertical arrows correspond to inclusions. We also need the restrictions of these 
bottom two rows to the subgroups By and Bf 

1 > Z(Ui) ► Bij > Resff.{Aut Ti (S)) ► 1 

1 ► Z(Ui) ► Bi >• Res^Aut^S)) ► 1 

For every pair i < j in I there exist isomorphisms (p^ : Gi — > G± which extend the 
isomorphisms Oy : Bi — > B^. 

For pairs i > j, let (p± : Gi — > G^ be isomorphisms extending otjioa>joa~ l : Bi — >■ Sjj, 
yielding the commutativity of the following diagram: 

B £, G, Gf G^ 



b —2-)- Gi -^-)- g? 5 )• 

Let : C7j — >■ G^ be ^ = T ^ 0( Pi ■ Consequently, we obtain the following diagram of 
groups A = {{B, d, G^), (V>», ipij); i,j e I}. □ 

We record the following useful fact for further reference: 

5.3. Let J 7 be a saturated constrained fusion system over a finite p-group S with the property 
that T = (J-i,J-2), where T\ and Ti are saturated constrained subsystems over S. Let 
G, G\ and G 2 be p'-reduced p-constrained finite groups that realize J- ', T\ and Ti respectively, 
chosen so that G\, G 2 < G. We claim that G = (G 1; G 2 ). Let := (Gi, G 2 ) and observe that 
J-" 2 ) C J^siH) C J 7 . Hence Fs{.H) = FgiG). But Ts(H) is saturated and constrained, 
also if is p'-reduced p-constrained (see Lemma [2.17ft . Finally, combine the fact that H < G 
with Theorem 12. 161 to conclude that H = G. In particular, we remark that G^ = (Gi,Gj). 
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Lemma 5.4. Let J 7 be a fusion system over a finite p-group S . Assume O p (T) = 1 and that 
J 7 contains a family of parabolic subsystems. Let G be a faithful completion of the diagram of 
groups A from \5.^ Then the collection of groups {B, Gi ; i G 1} is a parabolic system in G. 

Proof. If G is a faithful completion of A, then we can identify the groups B,Gi,i G / with 
subgroups of G. We need to check that conditions (P1)-(P4) from 13 .101 are fulfilled. Properties 
(PI) and (P3) are easy consequences of the properties of J 77 and the way G was constructed. 

Next we show that given any distinct i, j G /, Gi R Gj = B. It is clear that B C d R Gj. 
It remains to show the opposite inclusion. Observe that H := Gi R Gj is an overgroup of 
S in Gi and also in Gj; and by 12.171 the group H is p'-reduced p-constrained. Thus J^siH) 
is a saturated constrained fusion system on S and B C J-'s(H) C Ti R T$. Then, using 
(F3) we obtain that J^siH) = B. But since B < H and both H and 5 are p'- reduced 
p-constrained finite groups, realizing the same saturated constrained fusion system it follows 
that B ~ H = G i nG j , proving (P2). 

Set Bq = R^eG-B 9 and observe that O p (Bg) is a Sylow p-subgroup of Be- If O p (Bg) = 1 then 
Bq is a p'-group. Since Bq is a subgroup of B that is normal in G, it follows that Be <! Gj, 
for every i E I. But this implies that O p >(Gi) ^ 1, a contradiction with the fact that is 
assumed to be p'-reduced. So we must have O p (Bg) ^ 1. In this case O p (Bg) is a p-subgroup 
of S which is normal in every Gi, i G /. It follows that O p (Bg) <! Fi, for all i G /, and since 
J 7 = (J-i ;i G J), the p-subgroup O p (B G ) is normal in J 7 . Hence O p (B G ) < O p (J r ) = 1 and 
property (P4) holds. □ 

Definition 5.5. A fusion- chamber system pair, denoted by (J 7 , C), consists of: 

(i) . a fusion system J 7 , with O p (J r ) = 1, which contains a family of parabolic subsystems 

(as in 15.1!) ; 

(ii) . a chamber system C = C(G; B,Gi,i G /), with G a faithful completion of the diagram 

of groups A from 15.21 

Proposition 5.6. Let {T,C) be a fusion- chamber system pair, and let S denote a Sylow 
p-subgroup of B. Suppose that, for any finite p- subgroup P of G, C p is connected. Then: 

(i) . S is a Sylow p-subgroup ofG; 

(ii) . J 7 is the fusion system of G over S, denoted J-s(G); 

(iii) . Every morphism in J 7 is a composition of restrictions of morphisms between J 7 -centric 

subgroups. 

Proof, (i). The first part follows from Lemma [4.51 

(ii) . It is clear that J 7 C jFs{G). The opposite inclusion follows from Lemmas 14.71 and 15.41 

(iii) . Recall that J-^ has essential rank one and the only J^-essential subgroup of must 
contain C/j = O p (J-i). But Ti is saturated and constrained, and according to Proposition ^. 15[ 
the group Ui is J-"-centric, for all i G /. It then follows that Ei is J-"-centric, and the result is 
obtained by an application of Lemma 14.81 □ 

The next Proposition is a slight variation of a technical result due to Linckelmann |Lin06t 
Proposition 1.6] and Stancu |Sta04j. Proposition 4.3], which applies to any fusion system. 
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Proposition 5.7. Let T be a fusion system over a finite p-group S. Assume that: 

(i) . Aut s(S) is a Sylow p- subgroup ofAutjr(S); 

(ii) . given an T-centric subgroup P of S and <p G Honi^P, S), there is a morphism Tp G 

Homjr(A^ (/ ,, S) with the property that Tp~\ P = {p. 

If P is J- '-centric and fully J 7 -normalized then Auts(P) is a Sylow p- subgroup o/Autjr(P). 

Proof. Let Q be an J-"-centric fully .F-normalized subgroup of maximal order such that 
Aut s(Q) is not a Sylow p-subgroup of Autjr(Q). Then Q is a proper subgroup of S, as it fol- 
lows from part (i) of the hypothesis. Choose a p-subgroup R of Autj-(Q) such that Auts(Q) 
is a proper normal subgroup of R. Let <fi G R \ Aut s (Q). Since (ft normalizes Auts'(Q), for 
every y G N$(Q) there is an element z G N$(Q) such that (p{yuy~ l ) = Z(f)(u)z~ l , for all 
u G Q. Thus = Ns(Q). Since Q is J-"-centric, it follows from part (ii) of the hypothesis 
that extends to : N<j, — > Ns(Q), so that <\> G Autj^(Ns(Q))- Since <p has p-power order, 
by decomposing <fi into its p-part and its p'-part we may assume that 4> has p-power order. 

Let ij} : Ns(Q) — > S be a morphism in J 7 such that ifj(N,s(Q)) = N' is fully J-"-normalized. 
As the order of N' is greater that the order of Q (also observe that N' is ^-centric), we 
have that Autg(iV') G Syl p (Aut J r(iV / )). Now ipofaip- 1 is a p-element of Autjr(iV'), thus 
conjugated to an element in Auts^iV'). Therefore we may choose ip in such a way that there 
is y G Ns(N') satisfying ipocpoip^iy) = c y (v) for all v G N'. Since 4>\q = 4>y h follows 
that if; 'ofioifj' 1 (ip(Q)) = ip(Q) and y G Ng(ip(Q)). But Q is fully ^-normalized and since 
if>(N s (Q)) C Ns(i(Q)) we have that i>{N s (Q)) = N s {^j{Q)). Hence = V'- 1 oc y oV'(M) for 
all m G Ns(Q). In particular G Autsf(Q) contradicting our choice of 0. □ 

To this end we can combine the results of this section in the following: 

Theorem 5.8. Let (J 7 , C) be a fusion- chamber system pair. Assume the following hold. 

(a) . C p is connected for all p- subgroups P of G. 

(b) . If P is an J '-centric subgroup of S and if R is a p-subgroup of Autc(P), then {C p /Cg(P)) r 

is connected. 

Then T = J^siG) is a saturated fusion system over S. 

Proof. Assume that J 7 is a fusion system over a finite p-group S, which contains a family 
of parabolic subsystems which fulfill the properties (F1)-(F4) from 15.11 Let B,Gi,Gij, with 
i,j G /, be p'-reduced p-constrained finite groups that realize B, J~i, J~ij,i, j G J. Under our 
assumption that G is a faithful completion, the groups B, G i} Gij, i,j G I can be regarded as 
subgroups of G, and according to Lemma [53J they form a parabolic system in G, in the sense 
of 13.101 Let C = C(G] B, G i} i G /) be the associated chamber system described in 13.111 Next, 
assuming that C p is connected, for every P < G and using Proposition 15. 6[ it is obtained 
that J 7 is realized by G, in other words T = J-s{G). 

It remains to show that the fusion system J 7 is saturated. First, it is shown that every 
morphism in T can be written as a composition of restrictions of morphisms between J 7 - 
centric subgroups; this is the result of Proposition 15. 6( iii). It follows from [BCG + 05j Theorem 
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2.2], that it suffices to verify the two saturation axioms in 12.41 for the collection of J-"-centric 
subgroups only. The second saturation condition (II) is obtained from Proposition 14.101 
Further Aut^S) = Aut B (S) and S G Syl p (S), hence S/Z(S) = Aut s {S) G Syl p (Aut B (S')). 
Therefore the conditions from the hypothesis of Proposition 15.71 are in place and the first 
saturation axiom (I) follows. This concludes the proof of the fact that J 7 is a saturated fusion 
system over S. □ 

6. A SUBSYSTEM WITH A PARABOLIC FAMILY 

We show that a fusion system J 7 over S with a family of parabolic subsystems contains a 
certain saturated subsystem iF over S which also has an associated parabolic family. Before 
proceeding with our construction we shall review some standard facts and properties of certain 
normal subsystems. 

Subsystems of index prime to p. The material included in this overview appeared else- 
where in the literature, we refer the reader to |Pui09t Chapter 12] and to |BCG + 07[ Section 
5] for earlier sources. We will follow the more recent approach from [AKCT1[ Section 1.7]. 

Proposition 6.1. Let T and Q be fusion systems over S with Q C J 7 and J 7 saturated. 
Assume that O p (Autj-(Q)) < Autg(Q) for every subgroup Q of S. Then: 

(i). Uom T (Q,S) = Aut T (S)oRom g (Q,S); 

(ii). Q is fully F -normalized (F -centralized) iff it is fully Q -normalized (Q -centralized); 
(Hi). Q is J 7 -centric if and only if it is Q -centric; 
(iv). Q is T '-essential if and only if it is Q -essential. 

Proof, (i). Let Q be a subgroup of S. Clearly we have Autjr(S)oHom g ((5, S) C Hom^Q, S). 
It remains to prove that for any morphism f G Homjr(Q, S) there exist a G Autj-(S') and 
( G Homg(<5, S) with if = «o(. We argue by induction on the index \S : Q\. If S = Q then 
if G Autjr(S') and we are done. So we may suppose that \S : Q\ > 1, which means that 
Q < S. By a standard argument (see the proof of Theorem A. 10 in |BLO03j ) we can show 
that it suffices to find the sought decomposition for an automorphism tp G Autjr(Q) of a fully 
^-normalized subgroup Q of S. By a general Frattini argument, using the fact that T is 
saturated and hence Aut s(Q) G Syl (Autjr(Q)) we obtain: 

Autjr(Q) = N AutAQ) (Aut s (Q)) ■ 0*(Autr(Q)). 

Thus <f = 4>o7] with <fi G Nxut T {Q){Auts{Q)) and rj G O p ' (Ant t{Q))- Next observe that 

N AntAQ) (Aut s (Q)) = {pe Autjr(Q) | N p = N S (Q)}. 

Since Q is fully .^-normalized, it is fully J-'-centralized, and the saturation axiom (II) implies 
that 4> extends to a map : N$(Q) —> S which has the property that 4>(Q) = 4>(Q) = Q. Since 
Q < Ng(Q) < S, the induction hypothesis gives that <fi = cv\x(n s (Q))°X where a G Autj-(S') 
and x ^ Homg(Ng(Q),S). Consequently <fi = «|x(Q)°X|Q has the desired form. Therefore 
f = <poT] = <y\2(Q)oX\Q°V with x\Q°V ^ Homg(<5, S) and if has the required form also. 
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(ii). If Q is fully J-'-normalized then Q is also fully ^-normalized, given Q C J 7 . Conversely, if 
Q is fully ^-normalized and ip : Ns(Q) — > S is an J-"-morphism, we obtain that ^ = ao£ with 
a G Autjr(^) and ( G Homg(A 5 (Q), 5). Also \N S (((Q))\ < \N S (Q)\. On the other side, we 
always have ((N S (Q)) < N S (((Q)) and since ( is injective, N S (((Q)) = ((N S (Q)). Therefore 

ms(Q)) = (a<)(N s (Q)) = a(N s (((Q))) = N s (a<(Q)) = N S (^(Q)) 

which shows that Q is fully J 7 - normalized. The other statement from (ii) can be proved in a 
similar way. 

(in). Clearly, each .F-centric subgroup P is also ^-centric. Conversely, if P is ^-centric then, 
by part (i), each J-"-conjugate of P has the form a(Q) with a G Autjr(S') and Q a (/-conjugate 
of P. Then C s (a(Q)) < a(Q) since C S (Q) < Q. 

(iv). Observe O p '(Aut T (Q)) = O p '(Aut g (Q)) and thus O p '(Out^(Q)) = O p '(Out g (g)). By 
the Frattini argument, a finite group G has a strongly p-embedded subgroup if and only if 
O p '(G) has one. Hence Outj-(Q) has a strongly p-embedded subgroup if and only if Outg(Q) 
has one. Now the assertion follows from part (Hi). □ 

We use the result of |AK011l Theorem 1.7.7] to formulate the following: 

Definition 6.2. Given a saturated fusion system J 7 on a finite p-group S, we let O p (J 7 ) de- 
note the smallest saturated fusion subsystem of J 7 which has the property that Aut OP /(^(P) > 
O p> (Autjr(P)) for every subgroup P of S. 

It follows from Proposition 16 . 1 1 that the Frattini argument holds for saturated fusion systems. 

Corollary 6.3. If J 7 is a saturated fusion system over a finite p-group S then there is a 
decomposition J 7 = (O p ' (J 7 ), Njr(S)}. 

If J 7 = J-s(C7) then O p> (T) does not necessarily correspond to O p '(G). However, there are 
particular cases in which the correspondence is attained. 

Proposition 6.4. Let T = J-~s(G) be a saturated constrained fusion system over a finite 
p-group S with G a p' -reduced p-constrained finite group. Then O p (T) = T s (0 lp (G)). 

Proof. Let J 7 and G be as in the hypothesis. Since O p ' (G) is a normal subgroup of G, it 
follows that 7 s (O p (G)) is a normal saturated fusion subsystem of J 7 . On the other side, J 7 is 
constrained and Aschbacher's Theorem |Asc08l Theorem 1] asserts the existence of a unique 
normal subgroup G of G with O p (J 7 ) = ^s(Og)- 

Set r = F s (O p '(G)) and 7 = O p '(F). The inclusion J 7 ' C T follows from O p ' (G) < G . 
To prove that J 7 C J 7 ', let <p G Autjr(<5), Q < S be a p-element. Then ip = c g for some 
g G Ng(Q). Then we may choose g to be a p-element as well and so g G O p '(G). Hence 
(p = c g e Autjr,(Q). This proves O p '(Aut^(g)) < Aut^,(Q) and thus F C J 7 '. □ 

A reduction result. For the rest of this section we shall assume that (J 7 , C) is a fusion- 
chamber system pair as defined in 15.51 According to Lemma 15.41 the family (B, Gi ;i G /) is 
a parabolic system in G, a faithful completion of the diagram of groups A from Proposition 
15.21 Thus B < Gi for all i G /, and by 15.31 we also have Gij = (Gi, Gj). 
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Notation 6.5. The fusion systems Ti = J~s{Gi) and Tij = J-s(Gij), i,j E /, are saturated 
and constrained with Gi, Gij respectively, p'- reduced p-constrained finite groups. Denote 
Gi = O p '(Gi) and set T{ = O p '(J-i), for i E I. According to Proposition I6.4[ Ti = FsiGi) 
and the fusion system Ti is saturated and constrained. Define J 7 = (J^; i G I) and let 

B = (N? i (S)',iel). 

Lemma 6.6. The fusion subsystem B is saturated and constrained, and B = N^(S). Further 
B = F S {B) with B = (N ei (S);ie I}. 

Proof. Because N-p (S) C Njr(S) it follows that B C B. Thus every morphism in B extends to 
an ^-"-automorphism of S, and this implies that B is a saturated fusion system. It is obviously 
constrained since S is a normal £>-centric subgroup. Next observe that since N^ (S) C N-p(S) 
for all i G /, it follows that B C N^(S). Let now <p E Homjv~ (s)(P, Q) for P,Q < S. There 
exists a morphism <^ G Aut^(S') which extends tp. Since T = (J-i; z G J), there are morphisms 
G Aut^.(iS'), z G / and j = 1, . . . n, such that (p = ip n o . . . oipi. It follows now that there are 
subgroups P = Pq, Pi, . . . P n = Q of S and morphisms ipj : Pj-i — > Pj with ipj = ipj\p j _ 1 and 
if = ip n o . . . oipi. Because ifjj is the restriction of an J-i-automorphism of S, it follows that ipj 
is a morphism in N^.(S); this proves that ip G Honig(P, Q). 

Since B C B, according to Proposition 12.181 and Lemma I2.17[ there exists a p'-reduced 
p-constrained subgroup B of B which realizes B. Using [Lib08, Proposition 3.8], we can 
identify B with N Gi (S), for all % G I. Set T := (Nq.(S); i G I) < B and notice that F S {T) is 
a saturated constrained fusion system. We will show that B = T. Since each Ti = J~s(Gi) is 
saturated, another application of |Lib08t Proposition 3.8] gives that N^ (S) = J r 5(Ag.(S')). 
Thus B C J- siT) and, using Proposition I2.18[ we can choose B <T. Conversely, let g G T 
and P < S be such that 9 P < S. But g = g m ■ ■ ■ gi for gr 4 G iVg. (S") and jj G J. Thus 
c g : P ^ 9 P can be decomposed as P -> 31 P -»■ . . . ->• fm-sip 1 9 p witn «-wp < 5 
since each g^ normalizes S. Therefore c g . : 9i-i—9ip 9i-gip j s j n f ac t a morphism in 
A/?, (S 1 ) C i3. Thus B = FsiT) and Theorem 12.161 together with the fact that B < T give 
that B — T. □ 

Lemma 6.7. TTie fusion systems Gi := (J^, £?) and ^ := (Gi, Gj) are saturated and con- 
strained for all i,j G I. 

Proof. Since Gi Q it follows that O p {Ti) is normal in Gi, it is ^-centric because it is 
J-"j-centric. Thus G% is a constrained fusion system on S; similarly Gij is also constrained. 

Let B C B C and the corresponding p'-reduced p-constrained finite groups B < B < Gi, 
where B is as in Lemma [6.61 We will show that Gi = J^siHi) with Hi := GiB, a p'-reduced 
p-constrained subgroup of G^. This will suffice to prove the saturation of Gi (according to 
I2T41) . Clearly T h B C T s {Hi). Conversely, let h E Hi and P < S be such that h P < S so 
0^ G Homjr s (^.)(P, S). But h = gb E Gi with g E Gi and b E B. Hence : P — >■ fe P — >■ 
gbp _ /ip^ ^gj-g p^ op^ ft,p are subgroups f 5^ showing that is indeed a morphism in Gi- 
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To show that Gij is saturated, we will prove that Gij = Ts(Hij) where Hij := (Gi,Gj)B. Set 
Gij := (Gi, Gj) and observe that since B < GidGj, the subgroup G^ is normal in G^. Thus 
is indeed a subgroup of Gij. Next, notice that = (Gi, Gj)B = (GiB, GjB) = (Hi, Hj). 
Hence Gij ^ Ts(Hij). To prove the opposite inclusion, let h G H^ and P < S with h P < S. 
Write h = gb with g G G^ and b G B and argue as before. □ 

Lemma 6.8. Maintain the notations from above. The fusion systems (Gi] i E I) form a 
parabolic family in T. 

Proof. It follows from Lemma [6771 that Gi and Gij, for all i,j G /, are saturated, constrained 
subsystems of T ' , and contain the subsystem B = Np(S). 

Step 1: Each Gi has essential rank one. 

According to Proposition 16. l( iv) . Q is ^-essential if and only if Q is J-"j-essential if and only 
if Q is .Fj-essential. Since Ti has essential rank one, Gi also has essential rank one. 

Step 2: B is a proper subsystem of Gi- 

Assume by contradiction that Ti C B, for some i G / and recall that B C Jj, Then by 
Corollary 16.31 Ti = (T,B) — B, a contradiction. 

Step 3: The collection Gi,i G / is a minimal generating set for J 7 . 

Assume by contradiction that T is generated by Gj,j G J with J a proper subset of /. It 
follows from Corollary 16.31 that T = (T,B). Thus we have the following equalities: 

T=(T u i g /) = ((T i,B),i g /) = (T,i eP,B) = (T,B) 

=(f 3 , 3 eJ;B) = ((f 3 ,B), 3 g J) = (Tj,j g J) 

which contradicts the fact that T,i G / is a minimal generating set for T. 

Step 4'- The following inclusions hold: 

BQGiH Gj c (Tn Tj) n T = B n T c N f (S) = B 

which verify (F3). 

Hence the set (Gi,i G /) forms a parabolic family in the fusion system T. □ 

6.9. Let B, Hi and H^, i,j G / be the groups constructed in 16.71 and 16.81 Set G := (Hf,i G 
J) < G and observe that 

G =(Hi, iel) = (G, t B; % G /) = (Gi, B;iEl) = 

(N dj (S);j el);iel) = (Gi,N di (S);ie I) = (Gi, i G /) 

Recall that C = C{G; B,Gi,i G /) denotes the chamber system associated to T and let 
C = C{G, B, Hi, i G /) be the chamber system associated to T. 

We can now formulate the main result of this section: 

Theorem 6.10. Let (T,C) be a fusion- chamber system pair. Let T be defined as in \6.5\ and 
let G and C be as in 1 6. 91 If O p (T) = 1 then (T, C) is a fusion- chamber system pair. Further, 
assume that the following two conditions hold: 
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(a) . C p is connected for all subgroups P of G; 

(b) . If P is T-centric and if R is a p- subgroup of Aut q(P) then (C p /Cq(P)) r is connected. 
Then: 

(i) . J 7 = Fs{G) is a saturated fusion system that is normal in J 7 / 

(ii) . The map (p : C — >■ C given by <p(gB) = gB, for g G G, is a 2-covering of chamber 

systems. 

Proof. By Lemma 16.81 the set {Qi ; % G /} forms a family of parabolic subsystems in J 7 ; 
this gives rise to the collection of groups {B, Hi ;i G /} which is a parabolic system in G, 
according to Lemma [5.41 Recall that, by construction, the groups B and Hi, for i G I, are 
subgroups of G. Hence (J 7 , C) is a fusion-chamber system pair. 

(i) . The saturation of T as well as the fact that T is realized by G follow from an application 
of Theorem EEJ To prove that j 7 < J 7 , recall that J 7 = (J 7 ,, i G J) = (j;, B,i E I) — (T, B). 
We have to show that $ normalizes J 7 . But <j J-^ D and since £> normalizes each J^, it 
follows that B indeed normalizes J 7 . 

(ii) . The second part of the Theorem follows from |Tim87t Lemma 2.5], for completeness we 
provide the proof]. We have that (recall ??): 

G = (Gi\ i g I) = (GiB; iel) = (di] ieI)B = GB 

thus the map <p : gB i— > gB, for g G G, is well-defined and surjective. Let gB and hB be two 
i-adjacent chambers in C. Then h~ 1 g G i/j. Since -ffj < Gj, it follows that gGj = /iGj and 
the chambers gB and /ii? are i-adjacent in C. Thus is a morphism of chamber systems. 

To show that tp is a 2-covering, we must prove that <^y, the restriction of <p> to a rank two 
{z, j} _res idue is bijective, for each i,j G J. Clearly ^ is surjective. As B = Nj?(S) = N^^S), 
and similarly B = N^(S) = Ng..(S), we may use |Lib08l Proposition 3.8], Lemma [2. 171 and 
Theorem 12.161 to write B = No^iS) and B = Nh xj (S). Thus B = BDHij. An application of 
the Frattini argument, together with the fact that Hij = GijB give that G^ = GijB = HijB. 
The product formula gives: 

\HijB\ • \Hij n B\ = \H{jB\ ■ \B\ = |Gjj| • \B\ = ■ \B\ 

which shows that the (ij)-residues in C and C have the same number of chambers. Hence (pij 
is injective. This concludes our proof that ip is a 2-covering. □ 

7. AN APPLICATION: CLASSICAL PARABOLIC FAMILIES IN FUSION SYSTEMS 

In this section we investigate fusion systems which contain parabolic families with specific 
properties. In finite group theory, the parabolic systems of type M, defined below, are at 
the core of so called amalgam method and emphasize the deep connections between local 
analysis, on one side, and group geometries on the other side. For a comprehensive overview 
of the early results on parabolic systems of type M, see Meixner [Mei90j. For an up to 
date succinct overview on higher rank amalgams see Parker and Rowley |PR021 Chapter 24]. 

3 See Section 3 for chamber systems and their covers. 
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The terminology is inspired by the structure of the groups of Lie type, in which a parabolic 
system (B,Gf,i G I) consists of the Borel subgroup B, together with the minimal parabolic 
subgroups Gi containing it. We will show that these notions have natural generalizations to 
the context of fusion systems. We start with reviewing some of the standard terminology. 

Chamber systems and classical parabolic systems. A chamber system C of rank two is 
a generalized digon if and only if C is the chamber system associated to a parabolic system of 
the form V(G) = (GjflGj, G$, Gj) with G = GiGj = GjGj and Gi ^ Gj. A rank two chamber 
system C is a classical generalized rriij-gon, for > 3, if C is isomorphic to C(G; B, Gi, Gj) 
where G is an (essentially^) simple rank two group of Lie type in characteristic p, B = Gi fl Gj 
is a Borel subgroup of G and Gi and Gj are the two maximal parabolic subgroups of G 
containing B; here denotes the integer that defines the Weyl group of G. 

7.1. A connected chamber system C over / is a classical Tits chamber system if all rank two 
residues are either generalized digons or classical generalized mjj-gons, for i,j G / with i ^ j. 
Here rriij is fixed for each type. C is called locally finite, if all rank two residues are finite. 
The diagram (or the type of C) is denoted M = M(J) and it is a graph whose vertices are 
labeled by the elements of /, the nodes i and j are connected by a bond of strength rriij — 2. 

7.2. A collection of finite subgroups (B, Gi, i G /) in a group G is a classical parabolic systen%ii 
it is a parabolic system in the sense of l3.10l and in addition, fulfills the following conditions. 

(i) . S = O p (B) G Sy\ p (Gij) with G tj = {G,,Gj}, for all i,j G I. 

(ii) . For each i G I, Gi/O p (Gi) is a rank one group of Lie type in characteristic p. 

(iii) . For each pair i,j G /, either Gij = GiGj = GjGi or Gij /O p {Gij) is a rank two Lie type 

group in characteristic p. 

The associated chamber system C = C(G; B, Gi, i G J) is a locally finite Tits chamber system 
of classical type; see |Tim83t Lemma 4.2] for a proof. The diagram M is constructed as in l7.lt 
in particular, rriij is 2 if G^ = GiGj and it is determined by the Weyl group of Gy otherwise. 

We end this review with the following standard result: 

Proposition 7.3. [Tim85t 3.1] Let C be a locally finite classical Tits chamber system over I, 
with |/| > 3 ; with spherical diagram M and chamber transitive automorphism group G. Then 
one of the following holds: 

(i) . C is a finite spherical building of type M and G is an extension of a simple group of 

Lie type M by diagonal and field automorphisms or G ~ A? and M = A 3 . 

(ii) . C is the Neumeier chamber system obtained from A 7 , M = C3 and G ~ A7. 

The diagram is spherical if the associated Weyl group is finite. Buildings are special cases of 
chamber systems of type M, for a detailed treatment see Ronan [Ro n89] or the monumental 
paper of Tits |Tit81j . For a description of the Neumeier chamber system of type C3 in the 
alternating group A 7 see |Ron89l Example 2, pg. 50]. 

4 The following groups are also allowed: A 6 , Se, G 2 (2)' ~ f7 3 (3), G 2 (2), 2 F 4 (2)' and 2 F 4 (2). 
5 Conform to jFSWOOj . 
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Classical parabolic families in fusion systems. In this section we apply Theorem 15.81 to 
a fusion system T which contains a classical family of parabolic systems of type M, as defined 
below. We shall use the notation introduced at the beginning of Section 5. In particular, 
recall that T contains a collection of saturated constrained fusion subsystems {Ti ;i G I}, 
and for each pair i,j G /, the subsystems J 7 ^ = (J-i,J-j) are also saturated and constrained. 
Also B = N T (S). We set U t = O p {T^ and U tj = O p (?ij) for all i,j G /. 

Definition 7.4. Let J 7 be a fusion system over a finite p-group S. We say that J 7 contains 
a classical family of parabolic systems of type M if the following hold. 

(i) . J- contains a family of parabolic systems, in the sense of 15.11 

(ii) . For each i G I, Outjr. (£/;) is a rank one finite group of Lie type in characteristic p. 

(iii) . For each pair i,j G I, Outjr.^. (Z7y) is either a rank two finite group of Lie type in 

characteristic p or it is a (central) product of two rank one finite groups of Lie type in 
characteristic p. 

To such a fusion system we can associate a diagram M on / in the following way: if Out jr. . (Uij) 
is a product of two rank one groups of Lie type then i and j are not connected, if Outjr (C/y) 
is a rank two group of Lie type we take the corresponding Coxeter diagram for the edge 
between i and j. 

We arrive at the main result of this Section, a generalization of Proposition 17.31 to fusion 
systems. 

Proposition 7.5. Let (J 7 , C) be a fusion- chamber system pair with \I\ > 3. Assume that: 

(i) . T contains a classical family of parabolic systems of type M; 

(ii) . M is a spherical diagram. 

Then J 7 is the fusion system of a finite simple group of Lie type in characteristic p extended 
by diagonal and field automorphisms. 

Proof. Let ( J 7 , C) be a fusion-chamber system pair as defined in 15.51 First recall that J 7 
contains a family of parabolic subsystems (see 15. ip . There is a collection of p'-reduced, 
p-constrained finite groups B, G{ and G^, that realize B, Ti and J 7 ^- respectively. By Propo- 
sition 15. 2\ these groups (together with appropriate group homomorphisms) form a diagram 
of groups (as defined in 13. 15D . If G is a faithful completion of this diagram of groups then 
{B, Gf, i G 1} is a parabolic system in G, by Lemma [5.41 

For each i G /, the fusion system Ti = J-"s{Gi) is saturated and constrained, thus Ui is 
J-^-centric and Ui = O p {Gj). An application of |AK011t Proposition III. 5. 8] gives that 
Outjr.(CTj) ~ Gi/Ui. Similarly, we obtain Outjr (Z7y) = G^jUij and = O p (Gij). Also 
recall that G^ = (Gi,Gj), conform to 15.31 

Let now C = C(G; B,Gi,i G I). Since G = (Gi,i G I), the chamber system C is connected. 
By transitivity each {i, j}-residue of C is isomorphic to {gB\ gB C Gij}. Since the parabolic 
family in J 7 is of classical type, (ii) and (iii) in Definition 17.41 imply (ii) and (iii) from 17.21 As 
I7.2( i) clearly holds, it follows that {B, Gi ; i G 1} is a classical parabolic system in G. This 
implies that C is a locally finite Tits chamber system of classical type. Since M is spherical, 
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according to Timmesfeld results |Tim83l 3.14, 4.3] and |Tim85[ 3.1], see also Proposition 17.31 
C is a finite spherical building of type M and G is an extension of a simple group of Lie type 
M by diagonal and field automorphisms, or G ~ A 7 and M is of type A 3 , or C is the Neumeier 
chamber system obtained from A?, M = C3 and G ~ A7. 

In the former case with C a building, it is well known that C p are contractible for all subgroups 
P < S; an elegant proof of this fact can be found in |Qui78 proof of Theorem 3.1]. The 
claim follows by an application of Proposition 15.61 

Let now G ~ A-j and let B denote some Sylow 2-subgroup of G. Then G has exactly four 
subgroups Xi, . . . , X 4 containing B and which are isomorphic to S4 (the symmetric group on 
four letters). For suitable labeling, see |Mei90t Example 1.2], we get: 

a. Ci = C{G\ B, Xi, X 2 , Xi), for i = 3,4, two isomorphic Neumeier chamber systems of 
type C 3 ; 

b. C = C(G; B, X%, X 2 , X4), the chamber system of type A% over the field with two ele- 
ments. 

Hence, in either case B = J-£) g (.D 8 ) and Ti = J r D g (5 , 4 ) for i = 1,2,3. The three fusion 
subsystems do not form a minimal generating set for J r Dg (y4 7 ); only two subsystems are 
sufficient to generate J 7 (see |AK011t Example 1.2.7]). Thus, we do not obtain families of 
parabolic subsystems for Fd^Ai) (in the sense of 15. ip . □ 
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